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Abstract: Certain exact results in supersymmetric gauge theories are generated by 
non-perturbative effects different from instantons. In supersymmetric QCD with N colours 
and Np fundamental flavours we examine the Affleck-Dine-Seiberg (ADS) superpotential us- 
ing controlled semi-classical analysis. We show how for Np < N — I the ADS superpotential 
arises from monopole contributions to the path integral of the supersymmetric gauge theory 
compactified on R 3 x S 1 . These are the monopole effects leading to gaugino condensation and 
confinement of the low-energy SU(N — Np) supersymmetric gauge theory. 
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I. Introduction and Motivation 

One of the famous exact results in supersymmetry is the Ameck-Dine-Seiberg (ADS) superpo- 
tential [1] generated in supersymmetric QCD with N F fundamental flavours and gauge group 



It is well known that for Np < N — 1 the ADS superpotential receives no contributions from 
instantons, and arises from non-perturbative effects associated with gaugino condensation in 
the unbroken SU(N — Np) gauge group [1]. In our earlier work [2] we showed that gaugino 
condensation is generated by monopole contributions to the path integral of supersymmetric 
gauge theories compactified on R 3 x 5 1 . In this paper we make an obvious link between these 
two ideas [1, 2] and explicitly derive the ADS superpotential in the background of N — N F 
varieties of SU (N — N F ) monopoles embedded in the SU (N) supersymmetric QCD with Np 
flavours. We will also explain why this semi-classical derivation is valid in the a priori strongly 
coupled theory. For related work on M 3 x S* 1 in a different context see [3-5] . 

The last few years have seen an impressive agreement between known exact results in 
supersymmetric gauge theories and direct field-theoretical calculations. In most of the cases 
considered, the non-perturbative information contained in the exact results [6-8] was restricted 
to multi-instanton contributions [9-11]. At the same time, some of the known exact results in 
supersymmetric gauge theories are generated by non-perturbative effects different from instan- 
tons. We expect that these non-perturbative effects can still be evaluated and understood semi- 
classically, but in slightly unusual settings. The motivation of this letter and of its predecessor 
Ref. [2] is to show how this works for two important examples: gaugino condensation and the 
ADS superpotential. In both cases there is a non-Abelian, asymptotically free (sub)group which 
makes the theory strongly coupled. This is an obstacle for a direct application of semi-classical 
analysis, which makes these cases qualitatively different from the weakly coupled scenarios: 

1. In the Seiberg-Witten case [6] the SU(N) gauge group is broken by the Higgs mechanism to 
the Abelian subgroup [/(l)^ -1 with effective couplings determined by the VEVs. The holomor- 
phic nature of this dependence, guaranteed by non-renormalization theorems in Af = 2, then 
allows one to travel smoothly to an arbitrarily weak coupling regime saturated by the relevant 
semi-classical physics: perturbation theory, and multi-instanton effects calculated in [9,10]. 

2. In general, when there is no unbroken non-Abelian subgroup, the F-terms in any M = 1 
supersymmetric theory can be usually determined with a constrained instanton calculation 
[1,15-18] as reviewed in [19]. A simple example of this set-up is the supersymmetric QCD with 
Np — N — 1. 

3. In the AdS/CFT programme [7] the non-Abelian gauge group is unbroken, but the /3-function 



SU(N) 




(1.1) 



1 



is zero, and for successful multi-instanton calculations [8,11-14], the constant coupling can be 
taken as small as needed. 

It has been suspected for a long time [20] that in the strongly coupled theories, instantons 
should be thought of as composite states of more basic configurations, the 'instanton partons'. 
These partons would give important contributions to the non-perturbative dynamics at strong 
coupling. In Ref. [2] we identified the instanton partons with the N varieties of monopoles 
which appear when Minkowski space-time of SU (N) supersymmetric gauge theory is partially 
compatified on R 3 x S 1 . This compactification is required for two reasons. First, because of the 
finite radius (3 of S 1 , the monopole solutions have finite action, which makes them important 
semi-classically. Second, the gauge fields with Lorentz index referring to the S 1 direction 
develop vacuum expectation values [2] 

(N- 1 7T N-3 n N-ln\ 
(A<) = d.ag(— - , — - , . . . , -— _) , (1.2) 

which break the non-Abelian SU(N) to the Abelian subgroup {/(l)^ -1 . As the VEVs are 
inversely proportional to the radius f3, the theory becomes weakly coupled at small f3 and can 
be analysed semi-classically. To return to the strongly coupled theory in Minkowski space, we 
need to consider the opposite limit of large f3. Since all the F-terms are holomorphic functions 
of the fields and since the VEVs of the fields (1.2) are holomorphic functions of (3, the power of 
holomorphy [21] allows to analytically continue the semi-classical values of the F-terms to the 
strong-coupling regime. 

In supersymmetric QCD with N colours and Np fundamental flavours in the Higgs phase, 
the gauge group is broken by the matter VEVs to SU (N — Np). In Section II we will review the 
monopole calculus in the theory with Np = on R 3 x S 1 . The monopole effects in this theory 
generate the gaugino condensate and give a mass to the dual (magnetic) photon which implies 
confinement of electric charges. In Section III we will include the matter fields and start in 
uncompactified Minkowski space. We will first integrate out the classically massive (Higgsed) 
fields. The resulting effective lagrangian will contain the massless mesons M = QQ and the 
strongly-interacting massless SU(N — N F ) gauge supermultiplet, W su(n _ Nf) . These two sectors 
will be coupled to each other in the effective lagrangian via non-renormalizable interactions 
generated perturbatively by integrating out massive fields propagating in the loops. The next 
step will be to integrate out the gauge supermultiplet, W SU ^ N _ N y This is achieved in the 
monopole background in the SU (N — Np) theory compactified on R 3 x S 1 . The superpotential 
for mesons - the ADS superpotential (1.1) - arises from the gauge-meson interactions when the 
gauge supermultiplet is integrated out. Hence, the ADS superpotential (1.1) is a combination of 
perturbative and monopole effects. The analysis of Section III can be schematically represented 
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as 

J VW SU(N) VQVQ e iId 4 xC(W su(N) ,Q,Q) 

= J VW su(n _ Nf) VM e ^ d4xC ^ {Wsu ^- N ^ M) 

We stress that Eq. (1.3) represents a direct evaluation of the ADS superpotential contained 
in Ctfl(M). In particular we are not apealing to renormalization group arguments relating 
expressions for different values of N F . None of the meson degrees of freedom were integrated 
out on the right hand side of Eq. (1.3), and the F-term of Cf^(M) is the definition of the 
general ADS superpotential Wads N ■ 



= / VM 



(1.3) 



II. Monopoles in SYM on M 3 x S 1 



In this section we consider the pure Af = 1 supersymmetric Yang-Mills theory coupled to a 
background chiral superfield 

Z(T^) = j VW e < / <|4l£ W ' ) ) = e -i{Sd A x<?e w eff (T(M))+h.c.) _ ^.l) 

Here W denotes the SU (N) field-strength chiral superfield, and is a non-dynamical back- 
ground chiral superfield 

T^(y, 6) = r(y) + y/2^{y) + 9 2 F^(y) , (r) = ^- + °M (2.2) 

The superscript /i indicates the (high) energy scale where T^' becomes dynamical. The micro- 
scopic lagrangian defining the theory reads 

C = ^- Im trjv J d 2 9 T M W a W a . (2.3) 

The dynamical quantities we are after are the effective superpotential W e s(T^) defined in 
Eq. (2.1) and the gaugino condensate (tr^A 2 ) in the presence of the r field. The two quantities 
are related due to a functional identity 

(trivA 2 ) = ***Z(TV>) = -Sni , (2.4) 

x 1 Z(TM)6F T (x) v ; TM( y ,e)=r dr y ' 

which trivially follows from Eqs. (2.1)-(2.3). 
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Gauge Theory on R 3 x S* 1 



Let £ 4 be periodic with period /3/27T. 1 We must then impose periodic boundary conditions 
for bosons, A m (x M ,x 4 = 0) = A m (x M ,x 4 = f3) and fermions, A(x At ,x 4 = 0) = \(x^,X4 = (3) to 
preserve supersymmetry. In addition, the local gauge group itself must also be composed of 
gauge transformations periodic on S 1 : U{x ll ,X4 : = 0) = U{x lx ,X4 : = (3). We now summarize the 
results of the analysis carried out in Ref. [2]. 

1. There are N classically flat directions of the vacuum moduli space of the compactified 
theory parametrized by (At) = diag(ai,a2, . . . , ajv)- This classical moduli space is lifted non- 
trivially at the quantum level to 

{A.) = d,ag(— - , — - , . . . , -— -) , (2.5) 

by the monopole-generated superpotential derived in the section III of [2]. The distinctive 
feature of (2.5) is the constant equal spacing between the VEVs a,-. 

2. The semi-classical physics of the M 3 x S* 1 SU (N) theory is described by configurations of 
monopoles of N different types. In general, the field configurations of the M 3 x S 1 theory which 
are relevant in the semi-classical regime are both instantons and monopoles. Remarkably, the 
instantons on M 3 x S* 1 can be understood as composite configurations of N single monopoles, 
one of each of the N different types [22-24] . One expects in an SU (N) theory on M 4 that the 
lowest charged monopoles come in iV — 1 different varieties, carrying a unit of magnetic charge 
from each of the U(l) factors of the [/(l)^ 1 gauge group left unbroken by the VEVs. The 
additional monopole, needed to make up the N types, is specific to the compactification on 
M 3 x S 1 [23,24]. The magnetic charge of the new monopole is such that when all N types of 
monopoles are present, the magnetic charges cancel and the resulting configuration only carries 
a unit instanton charge. 

Monopole calculus in SU(2) 

The standard BPS monopole solution in Hedgehog gauge [25] is 

= H*|cothHx|)-l)^, A™(x v ) = (l- . jr )w^- (2-6) 
v ' \x\ l 2i * \ svah.{v\x\)/ \x\ z 2i 

These expressions are obviously independent of the S* 1 variable X4, since the latter can be 
thought of as the time coordinate of the static monopole. The boundary values of (2.6) as 
|x| — > 00, when gauge rotated to unitary (singular) gauge, agree with (2.5) for v — 7r//3 



1 The indices run over m = 1,2,3,4 and \i — 1, 2, 3. Our conventions are the same as in Ref. [2]. 
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The monopole solution (2.6) satisfies the self-duality equations and has topological charge 

Q = lL*~ l! dX4 J d3xtT * F ^F mn = t£ = \ ■ (2-8) 
The monopole has magnetic charge one, instanton charge zero, and the action S BPS is 

S BPS = -^rPv = — — , 5bp B (tW) = -inT^ . (2.9) 
g 2 {fi) g 2 {fi) 

The solution (2.6) precisely two adjoint fermion zero modes \ PPS = \^(i{a m a n ) £ , with 
normalization [26]: 

J d 3 X J d 2 £tr(\ BPSa (x)\l PS (x)) = = ^j- . (2.10) 

Here a m and a n are the four Pauli matrices and ^ is the two-component Grassmann collective 
coordinate. The semi-classical integration measure of the standard single-monopole on M 3 x S 1 
reads [26]: 

! du BPS - u 3 e~ SppsiTM) I d * X 8tt 3 1^ J^L^L [ dH— (2 11) 

J ^ ~ " 6 J (2vr)3/ 2 ^ J v J Hn* ' 

This measure is obtained in the standard way by changing variables in the path integral from 
field-fluctuations around the monopole to the monopole's collective coordinates. The UV- 
regularized determinants over non-zero eigenvalues of the quadratic fluctuation operators cancel 
between fermions and bosons due to supersymmetry. The ultra-violet divergences are regular- 
ized in the Pauli- Villars scheme, which explains the appearance of the Pauli- Villars mass scale 
/!. We can now compute the single monopole contribution to (trA 2 ) as in Ref. [2]: 

<trA 2 ) Bps = J dfi BPS tr(A BPS a (x)X B a PS (x)) = 8rt 2 fi 3 exp[nrT M ] . (2.12) 



As explained in Ref. [2] the monopole of the second type will give a contribution identical 
to (2.12). Putting the two together we get 

(trA 2 ) = 16tt 2 /i 3 exp[mT M ] . (2.13) 

Substituting (2.13) into (2.4) gives the equation for the superpotential W c s(r) with the solution 

Weff(T^) = 2fi 3 expert") ] . (2.14) 

The expressions (2.13) and (2.14) are, in spite of appearences, renormalization group invariant 
and /i-independet. We also note that the dependence on the S 1 radius (3 disappeared, and the 
decompactification limit (3 — > oo does not change the final results (2.13) and (2.14). 
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Generalization to SU(N) 



The calculation of the gaugino condensate and the superpotential can be straightforwardly 
generalized to the case of gauge group SU(N). The quantum vacuum has 



2vr 



2tt 



dj - a j+1 - 



. mod — , ./ L,2 V. 

iNjj %p 



and each of the N types of monopoles has equal actions and equal topological charges: 



8tt 2 



2m 



S m ono(T M ) = -— TW , Q 



N 



1 

N 



(2.15) 



(2.16) 



The contribution of A" monopoles to the gaugino condensate and the superpotential is straight- 
forward: 



(trA 2 ) = 16tt 2 /i 3 exp 



N 



fj 3 exp 



N 



(2.17) 



This concludes our analysis of supersymmetric QCD with N F = 0. 



III. ADS Superpotential in Supersymmetric QCD 

The microscopic theory is defined in terms of the SU(N) vector superfield coupled to iV F chiral 
superfields in the [N] reperesentation, Q ur (u — 1, . . . , N; r — 1, . . . , N F ), and to iV F chiral 
superfields in the [N] reperesentation, Q ru . The global classical symmetry of the lagrangian is 

SU(N F ) Mt x SU(N F ) right x U(l) v x U(1) A x U(1) R , (3.1) 

where {7(1)r is the anomaly-free combination of the R-symmetry and the axial U(1)a' 

W(9) -> e- ta W(e ia 6) , Q{9) -> e ia{N - NF)/NF Q(e ta 9) , Q(8) -> e ia(Ar - JVF)/iVF g(e ia ^) . 

(3.2) 

At the quantum level the classical U(1)a symmetry is anomalous, and the global quantum 
symmetry of the lagrangian is SU(N F ) Mt x SU(N F ) light x U(l)y x C/(1) R . 

The classical vacuum state is determined in the standard way via the D-flatness condition 
and can be brought to a simple 'rectangular diagonal' form: 

(Aur) = " =1 -- W F = (it)- (3.3) 

The A'p complex vacuum expectation values i>i, . . . , v n f are not fixed by the classical lagrangian, 
and parameterize the A^ F -complex-dimensional classical vacuum moduli space of the theory. It 
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is now straightforward to determine which symmetries of the lagrangian are left unbroken by 
the classical vacuum (3.3). The SU(N) gauge symmetry is spontaneously broken by (3.3) to 
SU(N — N F ). In order to determine the surviving global symmetry it is convenient to restrict 
ourselves to the case of all VEVs equal, v\ — v 2 — ■ ■ . = v. This choice will not affect the 
counting of classically massless degrees of freedom, but will simplify the symmetry reasoning. 
This vacuum state breaks the U(1)a and ?7(1)r. It also breaks SU(N F )\ eft x SU(N F ) Tight to the 
diagonal SU(N F ) subgroup that rotates A r and A\ in the same way and is further compensated 
by the gauge transformation, such that the vacuum is unchanged. Thus, the global symmetry 
respected by the vacuum is SU(N F ) x U(l)y. Hence, we expect iV F 2 + 1 massless Goldstone 
bosons at the perturbative level, i.e. iV F 2 + 1 real massless scalars coming from the broken 
generators of the global SU(N F ) x U (1)a x U(1)-r. When the non-perturbative effects are taken 
into account one of these massless degrees of freedom will acquire a mass due to the U(1)a 
anomaly, and N F 2 real scalar degrees of freedom will remain massless. 

At the same time, the number of classically massless real scalar degrees of freedom is 2N F 2 . 
This is twice the number of exact Goldstone bosons. The remaining N F 2 classically massless 
real scalars must be lifted by a non-perturbatively generated superpotential. The functional 
form of this superpotential Eq. (1.1) was uniquely determined in [1]. 

The ADS superpotential appears in the low-energy effective description of the microscopic 
theory with N F < N — 1. It is important to distinguish between the two cases: N F = N — 1 
where the gauge group is completely broken by the vacuum; and N F < N — 1 where the non- 
Abelian gauge subgroup SU(N — N F ) is unbroken. The first case is relatively simple and is 
well understood [1, 17, 18]. For N F = N — 1 the superpotential is generated at the 1-instanton 
level, and since the gauge group is completely broken, the instanton calculation is reliable 
and infra-red safe. In the second, more general case, N F < N — 1, instantons are known to 
give trivially vanishing conributions to (1.1), nevertheless the renormalization group decoupling 
argument from N F = N — 1 to N F < N — 1 requires the superpotential to be non-vanishing, 
and determines the normalzation consant in (1.1) [17, 18,21] to be iV — N F . 

N F < N — 1: Step One 

For N F < N — 1 there is an unbroken gauge subgroup SU (N — N F ) and as discussed in 
the Introduction, it is important to realise that the generation of the ADS superpotential is 
the two-step process represented by Eq. (1.3). We first look at the perturbative decoupling 
of the massive vector bosons and Higgs bosons. This step is the generalization of the Affleck- 
Dine-Seiberg iV F = 1 argument from Section 4 of Ref. [1] to all iV F < N — 1. The relevant 
matter degrees of freedom are the 2iV F 2 classically massless real scalars and their superpartners. 
They can be packaged into N F 2 chiral superfield (complex) degrees of freedom. In fact, there are 
precisely iV F 2 gauge-invariant composite chiral meson superfields M^(x, 6) = Q ru (x, 9)Q us (x, 6). 
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As the scalar components of the superfields M have the mass- dimension two we prefer to use an 
equivalent parametrisation of matter degrees of freedom in terms of mass-dimension one chiral 
superfields 

The logarithm is used for the later convenience and the mass- dimension one in (3.4) is achieved 
via explicit dependence on the classical VEV v which will be necessary in the perturbative de- 
coupling treatment, but will disappear from the final results. In fact, all the non-renormalizable 
interactions induced by integrating out the heavy fields will be in terms of higher dimensional 
operators of the light fields divided by the powers of v. A perturbative (or semi-classical) treat- 
ment is applicable as long as v is large compared to A NfjN , which will be assumed. There is a 
unique operator of dimension five which couples the two sectors, 



V2_l 
' ' 32vr 2 



i J d 2 9(Tr NF $)W aa W* + h.c. . (3.5) 



The the normalization factor can be determined either from the corresponding 1-loop 
perturbative supergraphs, or from requiring the {7(1)r invariance of the effective lagrangian 



(N-N F ) 2 -1 



V2 1 

: i r.v, vjii ' h ;; i + n.c. 

(3.6) 

+ / d 2 9d 2 9 $ f $ . 



Under £/(1)r the pure gauge term is anomalous 



6 V J = JJ1 lJ ElFmn * F - ' ^ 3 - ? ) 



and the C/(1)r transformation of $, read from (3.2), 



S V, = n,^-^ (3. 



leaves (3.6) invariant as required. 



There are of course even higher-dimensional operators coupling the two sectors, but they are 
suppressed by higher powers of v and will not contribute at the relevant order. Furthermore, 
perturbative non-renormalization theorems will prevent the generation of the superpotential 
made solely of the $ fields as no such superpotential existed classically. Finally, note that 
Eq. (3.6) should be thought of as the Wilson effective lagrangian with \x in g 2 {[i) on the right 
hand side of (3.6) being the Wilson scale. In deriving we have integrated out all the degrees 
of freedom with masses and virtualities greater than /i, where /i < v. 
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N F < N — 1: Step Two 



The gauge sector together with the gauge-meson interactions sector of the effective la- 



grangian can be represented as 



(iV-iV P ) 2 -l 



£ gauge = i- Im j d2 ° TM W aa W^ (3.9) 

a=l 

where 2 we have introduced a chiral superfield 

tw = ** + 'jvgjVa* . (3 . 10 ) 

We now see from equations (1.3) and (3.9) that the problem of deriving the ADS superpo- 
tential in the theory with A" colours and N F flavours is reduced to integrating out the vector 
supermultiplet W su(n _ Nf) in the pure SU(N — N F ) supersymmetric Yang-Mills theory coupled 
to the background superfield 

JvW su(N _ NF) e^ d4xC ^ S ^ w ^-^ T( ^ = e -Kl^d^w cB (TM )+ i,c.) (3n) 

Applying the analysis of section II we conclude that the functional integral over the gauge 
supermultiplet receives contributions from A" — N F varieties of monopoles which arise in the 
SU(N — N F ) supersymmetric Yang-Mills theory partially compactified on R 3 x S 1 . The semi- 
classical evaluation of the integral in the monopole background is exact and in the decompact- 
ification limit R 3 x S 1 — > M 4 gives, in analogy with Eq. (2.17) 

r 2-7T? i 

Weff(TM) = (N-N F )pi 3 exp 1 —^-T^ . (3.12) 

-iv — ivp 



In the rest of this section we want to demonstrate that the superpotential W e s(T^), given 
by Eq. (3.12) is in fact equal to the ADS superpotential W ADS (1.1). Indeed, substitute the 
definition of Eq. (3.10) into Eq. (3.12), 

Sir 2 1 / n 2N v \ 1 

VMTC>) — (N — N F ) e-im ( — ) N ~ NF . (3.13) 

VdetAr F (Q r Q s j/ 

Now note that the /z-dependent terms combine to the RG invariant definition of the dynamical 
scale of the supersymmetric pure SU (N — N F ) gauge theory 

^ e ~fk = A 3 af _ jVf . (3 . 14) 



2£gau g e j g (jggQgj as ^g g rst r mc on ^g j-jght hand side of Eq. (3.6), i.e. L^g minus the pure matter sector. 
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Furthermore, the decoupling relation, A™^ F = v 2Nf A^-nI^ enables us to rewrite the final 
result in terms of the dynamical scale Aat f tv of the original SQCD: 



Jy3N-N F 

W cff — (N — N F ) ( - N f ) = W^f . (3.15) 

detjv F {Q r Q s ) 



Q.E.D. 



We thank Diego Bellisai and Tim Hollowood for valuable discussions. NMD acknowledges 
a PPARC studentship. 
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